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THE METHOD OF PROJECTION AND DECOMPOSITION OF ANALYTICAL FUNCTIONS
IN BOUNDARY-VALUE PROBLEMS OF ELASTICITY THEORY*

A.M. TSALIK

A technique 1is proposed for reducing boundary-value problems of
elasticity theory in multiply connected regions to a system of algebraic
equations. The technique is based on the projection method for
analytical functions of a complex variable combined with decomposition
of the original region. The starting equations are provided by the
Laurent series expansion of the necessary and sufficient condition of
analyticity of functions. The coordinate functions are the terms of the
Laurent series for the required potentials of elasticity theory in each
of the subregions obtained from the original region by decomposition.
The proposed method avoids the construction of integral equations, while
preserving the advantages of the boundary-element method.

1. Analyticity conditions. The necessary and sufficient condition for the function @
to be analytic in a given region B with the boundary #B may be represented in the form /1/

SM-=0, :ZB (1.1

t—z
aB

We assume that B is an arbitrary, closed, multiply con-
nected region whose boundary dB satisfies the Holder con-
diton (Fig.l), and the point at infinity does not belong to
B. If ({z,} are arbitrary points of the interior subregions
that do not belong to B, then condition (1.1), after expansion
in a Laurent series,can be replaced by an infinite system of
equations for the analytical function @,

{omed=0 E=r(—z)"1k=01,..) (1.2)

aB

Fig.l

Assume that the given region B = UB!' is decomposed so that inside each subregion B*
the function ® (z) is representable by its Laurent series

M —o oo
=3 le;.s(z—zm)wr gofb,‘(z—zi)’ (1.3)

m=1 g=—

where M + 1 is the connectivity of the region B, z; 1is an arbitrary point of the subregion
B!, BAnalytical continuity conditions for @ should be satisfied on the joining curves of
the subregions.

The functions in the expansion (1.3) are selected as the coordinate functions of the
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projection method.

2. Mixzed problem of elasticity theory. The boundary conditions of the mixed problem of
elasticity theory can be represented in terms of complex potentials in the form /2/

¢ — PG — PYp = au, a = 2GP (2.1)
for the parts of the boundary on which the displacements are given and

t

P+ +¥ =1 f=i{(X.+i¥)dt 4 2.2)

t

for the parts of the boundary on which the stresses are given. Here ¢ and ¢ are the
required analytic functions of a complex variable, t are the boundary coordinates, f = (3 —
40)! for the plane strain problem, B = (1 4 0)(3 — ¢)? for the generalized plane stress
state, G 1is the shear modulus, ¥4 is the complex displacement of the boundary points, and
X, +iY, 1is the external load applied to the points of the boundary of B.

The following conditions should be satisfied on the interface curves:

w=ul, (X,+1¥) =X, +:¥,) (2.3)
where the superscripts 7 and J identify the adjoining subregions.

As we know /2/, X, + 1Y, = —id (¢ + 1§’ + §)/dt, so that the second equation in (2.3) can
be rewritten as

@+ @ + 9 = (¢+ 7 + 9 + Cy* 24
Using (2.1), we can rewrite the first equation in (2.3) in the form
(7 (¢ — B — BB’ = (a7 (9 — P — Py))’ (2.)
From (2.4) and (2.5) we now obtain the formula
¢ =aq’ + %G L0+ Cyp,  Cp = C*PH(1 + BT (2 6)

a = @Y’ + 1/a)(B/a’ + 1/a"), b= (BYa* —Plod)(pYa’ 4 1/a")

Projecting Egs.(2.1), (2.2), and (2.6) on to Egs.(l1.2), we obtain

( (—B4g' —pohede+ § ¢ +9+ 9 +optar+ @.7)
6B,* 8B,

§ @+ % 1 cyrar = § atwpar+ | fear

8B, 8B,} 8B,

(g:tk,(t—zm)—k—l; L=1,2,...,I; ]f:O,i,...; m='1,2, <y k,M)

Changing to conjugate variables in Egs.(2.1), (2.2), and (2.6) and again projecting the
conjugate equations on to Egs.(1.2), we obtain a second group of equations

§ @ —pio")zde + § @ +Io¥ + C)ade + (2 8)
9B," o8,
Si(a@—i-bt_qa"—i-@,)gdt: § ala'zde+ § Feae

9B, aB,* 0B,"
E=t5C—z)"Y i=1,2,..,1; k=0,1,..., k m=12,...M)

Here 0B, is the part of the boundary with given stresses, dB;' 1is the part of the
boundary with given displacements, &B,' is the interface curve between subregions B' and B,
and I is the number of subregions in region B. X

Replacing the boundary values of the analytical functions ¢ and Y with their correspond-
ing reduced Laurent series expansions, we transform Egs.(2.7) into a linear system of algebraic
equations. Let

M N-1 N, .
o= D @im(z—z,) + X 9s(z—2,)° (2.9)

m=1s=—1 =0
3 M —N, N,

P= 3 3 Ymlz—z.)" + D bz —2z)
m=1 s==—1 =0
M N, Ny

¢ = 3 B soinl— 2+ 3 op -z

m=1 8==— s==0
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Substituting the representations (2.9) into Egs.(2.7) and (2.8), we obtain the linear
systems of algebraic equations
TA =F (2.10)

where A is the vector of the required expansion coefficients in (2.9), and T and F, respect-
ively, are the matrix and the vector whose components, apart from a constant, are a com-
position of integrals of the form

S s (t — By th1d, S st(t— Zy)*H (t— zm)—',r dt, (211)
28" aB*
(=t —antar, § o—zyra
B B!

etc. Here s is an integral exponent with values between the bounds of the reduced Laurent

series, {s: —N,, Ny}, and k is an integral exponent bounded by the number of equations in
(2.7) and (2.8). In order to evaluate integrals of the form (2.11), it is better to use the
equality dt = —indl, where n is the outer unit normal to the boundary, and dl is an element

of length of the boundary. In order to obtain a single-valued solution of Egs.(2.7) and (2.8),
it is necessary that ¢, =0 or (C,=0 and also

(MN; + N, +1) =K

The components of the displacement vector in our problem take the form

M —-N, - [
u= 3 3 (@ (e~ z) — 5T s 1) — BPun) G 7)) + (2.12)
N' —
SZ{) (a‘q)s (z - Z‘l)s - (ﬁ'zﬁs’ (s + 1)_&"5) (z - zl)s)

and the components of the stress field take the form

M

—N, Ny
ox + oy =4Re (X D sqim(z — 2.1 + D sq,(z — 2,)"7) (2.13)
1 =0

m=l 8=—

M -—-N,
Oy —0x + ZITXY =2 (Z 2_1 a_2’_-1(3 (S - 1‘) cpsm(z - zm)e_2 +

N,
Psm (z - zm)g_l) + s§o (s (S - 1) Ps (Z - z!)s—a + s‘lps (Z - zi)s_l))

3. Torsion of prismatic rods. Introducing the torsion function ¢, we reduce our problem
to a Laplace equation. The shear stresses are related to the torsion function by the formulas

Txz — vtyz = 0G ((99/0X — 10/dY) — i) (3.1)

where 6 is the torsion angle, and G is the shear modulus.
We introduce the function

O = 9¢/dX — id9/dY = 20¢/dz
which is analytical, because
oW/ = 20%¢/0207 = 4V =0
Formula (3.1) now takes the form
txz — ityz = 6G (@ — 1Z) (3.2)

On the unstressed boundary 9B of the region B, the boundary condition of the torsion
problem is expressed in our notation by

Re ((sz — i‘t'yz) n) = 0G Re (((D et ii) n) =0
or
®n + ®n = —i (zi — zn) (3.3)

If the region B is decomposed so that B = UB', then on the interface curves of the
subregions B' and B! we should have the conditions of continuity of the torsion function

¢ = ¢} 3.4)
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and equality of the tangential pressures
Re G(TXZ —_ L‘Cyz) n)' = Re ((rXZ — L‘Eyz) n)’ (3.5)

Differentiating Eq.{3.4) along the interface curve with respect to the tangent to the

curve, we obtain
de* / ds = dg’ [ ds

or
(Re ((09/0X — 19g/8Y) 1))} = (Re ((99/dX — 18¢/3Y) T))
where T 1s the unit tangent to the boundary. Hence, noting that t© = —n, we obtain
Im (@r)' = Im (Dny’ (3 6)
Using (3.2), we rewrite Eq.(3.5) in the form
G Re (Dn)' — G/ Re (DPny = — (G — &) Im (Zn) 3.7)
Thus, Egs.(3.6) and (3.7) imply that the following condition should be satisfied on the

interface curve:

i i i J A 3
o' — EZ—G Din + G—zz,f—cbfn =— G_;G_Im (En) (3.8)

Here and above, n is the outer normal to the joining curve relative to the subregion B'.
Substituting Eqs.(3.3) and (3.8) into conditions (1.2) for each subregion B! and noting

that dit = —ndl, we obtain the system of equations
_ U 1 LAt
S Dnedl + S (— E+E gy & =6 ('D’n)gdl= (3.9)
i . 2G 2G
8B, B,
- 6t — ¢’ I
—i S (7 —tmygdl — £ =5 S (7 —tn)E dl
8B, 3B,

E=t*0—z,0"1 kE=0,1,...)

Here 6B,' is the free boundary of the subregion B, and 4B,' is the interface boundary

between subregions B' and B’.
If the function @' is approximated by the coordinate functions

M —N, N,y
= 3 3 Oonls—2m) + 2 0,5z, (3.10)

then substituting the representation (3.10) into Eq.(3.9) we obtain a linear system of
equations A® = f, where the elements of the matrix 4 and the vector f are given by (2.11).
The shear stresses can be computed from the formula

M —N, N,
(txz — ityz)' = 6G ( D) 21 Dy (2 — 21)° + sgo D, (z — z)' —17)

Me=] §=—

The torsional rigidity of the bar is determined from the formula

= 5 Im ((vxz — ityz)ZdX dY = (3.11)
B
1 3 z2 , 2
TImZG‘ S{(— 443 =+ LT)ndl
i 8B

where, by the analyticity of the function @, the integral over the region has been replaced
with a line integral over the boundary.

4. Bending of composite rods by a transversal force. Following Muskhelishvili /2/, the
problem of the bending of beams by a transversal force with normal stresses

o, = —WX (l — S) X/Iy, Oy = Oy = 0 (4.'1)

and zero shear stresses Txy can be reduced to the plane problem of elasticity theory. Here
0; are the corresponding normal stresses, Wy is the transverse force parallel to the X-axis,
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1 is the bar length, s is the coordinate along the rod axis, and Iy is the moment of inertia
of the bar cross-section about the Y-axis.

For cross-sections made of materials with different Poisson's ratios, the shear stresses
can be represented in complex form as

(txz + ity2)y = — W,G " X + X + g6 (2) — Uy) (4.2)
_y 34 1 3 2z
grlz) =¥ 1((-2— +T) -t m)

El=14,2, k1

The first formula (k¢ =1,1=2) 1is written for the case of a transverse force parallel
to the X axis, and the second (k =2,l=1) for the case of a transverse force parallel to
the Y axis. Here X, is the required analytical function, U, are the displacements obtained
by solving the so-called supplementary problems of elasticity theory /2/, X, is a particular
solution of the Poisson equation, ¢ is Poisson's ratio, and

40%g, 10205 = (0Uy/9z + 8U/3z7) (1 — 20)1 (4.3)
Since
U8z 4 0U 10z = (1 — B) a2 (@’ + T') (4.4)
where ¢ 1is the complex potential of the supplementary problems, we have
Xoo = (1 —B) (1 — 20)" ('z + @u)/4 (4.5)

These representations enable us to reduce our problem to a boundary-value problem for an
analytic function with the following boundary conditions:
on the free boundaries
Xypn + Xyn= fi (4.6)

on the interface curves

G (Xpn + Xn)t — G (Xyn + Xgn) = GHf* — GIf? (4.7)
(Xgn — Xyn)' — (Xyn — Xyn) =0

Here
— fo=Xor + gu(2) — Uy

Thus, the problem with boundary conditions (4.6) and (4.7) for the analytical function
X has the same form as the torsion problem (3.3) and (3.7) for the function ®, differing
only by the right-hand side of Egs.(3.8), which in the present case equals — Im ((G‘f,' — G’f))
n) The values of this expression can be found by solving the supplementary problems of
elasticity theory using the equations of Sect.l.

The solution of problem (4.6), (4.7), obtained in the same way as the solution of the
torsion problem, gives the coordinates of the centre of bending of the cross-section (zy)
from the formula

o = § Im ((1xz + 11v2) 2dX dY (4.8)
B8

where (txz + 1tyz); are the shear stresses produced by the transverse force along the X, axis.
Substituting (4.2) into (4.8) and applying the formula for passing from an area integral to a
line integral

§f(z,2)dXdY =+ L (§rGna)na

aB

we obtain

o =L 6§ Xz + (1 —B)(t — 20704 + (4.9)

t aB*
(1 —B)a™) gi'z2%2 + (1 — py(1 — 20 o™ — &™) 22 —

(1 —B) w272 + i1 (- + ) 292/2 — 3216 + (— 1)¥ 276 ) n dL)
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The solutions of problems (4.6), (4.7) enable us to compute the directional shear rigid-
ities of the region from the formulas /3/

GF), = k,GF =W 2T,y T =\ |tz + 1tyz [0 dX dY
) B

whence, substituting (4.2), we obtain

GF), = 12 (36* 1K + Xox + g (2) — Uy [P dX ay ) (4.10)

B

5. A bound of the method. Theorem. Let the boundary condition
Q=F @@, (5.1)
be given for the analytic function @ defined in the multiply connected region B with the
boundary 9B that satisfies the Holder condition. The function F satisfies the Holder con-
dition
[FO—F)I<Alt—tHP p<t

uniformly in @. Let

A =@ — F(D* 0¥, ¥, 1) (5.2)
be the boundary value of a function for which @* is an arbitrary analytical function in the

region B.
If the following systems of equalities holds:

(FPear=0 E=(0"k=01,..,K,E=(—1z.) (5.3)
0B
=—1,..,—N;m=1,. , M)

where {z,} are arbitrary points of the interior simply connected regions that do not belong
to the region B, then there exists a decomposition of B such that

A = o(min ([¢[52, |t — 2, V) (5.4)
m
Proof. Consider the function

o= S At —ztde (5.5)
oB

which is analytic at all points :¢ B. Since the function ®* is analytic in the region B,
we have

Q= — S F(O*, 0%, 0%, t)(t —z) 1 dt (5.6)
aB

By Laurent's theorem on the expansion of an analytical function outside the region B, we
find
0

M o
¢ = Z 2 Prns & — zm)s - 2! q’s:z_s (5.7)

m=] s==1 s=0

where ¢m; and ¢; are the expansion coefficients of the function ¢
By the Sokhotskii-Plemel' formula /1/, using (5.3), we obtain for the points t¢=dB

%A+-2%l— S A(t—t.,)'ldt::i i Py (E— 2,0 + 5: o

aB m=]1 s=N-+1 s=K-43

whence
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sty (1EO—Fa)e—o* i —61" dlt—t+ 2+ 2 < (58)
0B
(2t ARS 4| 21|+ 3a]

Here R=max(t—4) is the maximum distance between the points in the decomposed region.

I1f
R< (2mp)P 470 (min (|t — 3, |V, 117E) 5.9)

then inequality (5.8) gives the bound (5.4). The theorem is proved.

6. Numerical implementatton. This study has provided the basis for a package of programs,
whose capabilities are demonstrated here by comparing the calculated and published values of
the geometrical and rigidity characteristics of a number of test sections (Figs.2 and 3) and
by reporting some new results on the characteristics of the blade profiles of wind-power
installations (Figs.4 and 5).

Fig.2 is a cross-section in the shape of a square ring 0.01 m thick and 0.10 m on the
external side; the ring has a cut in one of the sides. The coordinates of the centre of
bending calculated from standard formulas /3/ for thin-walled elements and from formula (4.9)
were found to be -0.112 m and -0.106 m, respectively; the torsional rigidity is 4.73x 10> Nm*
according to the data of /4/ and 4.71x10® Nm®* by formula (3.11). We also used formula (4.10)
to find the directional shear rigidities (GF)y=1228.5 N, (GF)y=175.6 N. The shear modulus

was 6 = 3.98x10¢ Nm* . For the cross-section shown in Fig.3 /4/, with the same shear modulus,
the torsional rigidity was 1.17x10° Nm* by both formulas, and the directional shear rigidities
were (GF)y =527.8 N and (GF)y —288.4 N. For this cross-section we also calculated the shear
stresses at the interior points of the region. The graphical comparison of the numerical
results shown in Fig.3 indicates that the data in /4/ are close to our data.

i |
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5 o0 00

X

Fig.2 Fig.3

4 Y

X _1555::::: X

Fig.4 Fig.5

()

Figs.4 and 5 show the blade cross-sections of wind-power installations. The chord is
B=0.30 m, the height is 0.072 m and 0.064 m, the wall thickness is 0.004 m and 0.006 m,
respectively. For a shear modulus ¢ =2.65x10 Nm?, the coordinates of the centre of bending
for the cross-section shown in Fig.4 are r= —0.0399 m, y =0, the directional shear rigid-
ities are (GF), =1.28x10* N, (GF)y =9.,39x10" N, the torsional rigidity is D=1.63x10* Nm*. For

the cross-section shown in Fig.5, the corresponding figures are z= —0.194 m, ¥=0.0293 m,
(GFyy = 1.21x10° N, (GF)y = 7.03x10" m, D=1.83%10* Nm*. In all the cross-sections shown, the

origin of the coordinates is at the centre of mass.
REFERENCES

1. LAVRENT'YEV M.A. and SHABAT B.V., Methods of Functions of a Complex Variable, Nauka,
Moscow, 1973.

2. MUSKHELISHVILI N.I., Some Basic Problems of the Mathematical Theory of Elasticity, Nauka,
Moscow, 1966.

3. Handbook of Metals, 2, Mashgiz, Moscow, 1959.

4. ARUTYUNYAN N.KH. and ABRAMYAN B.L., Torsion of Elastic Bodies Fizmatgiz, Moscow, 1963.

Translated by Z.L.



